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ORDERING PHENOMENA IN Na-Ga 
AND Na-Sn MOLTEN ALLOYS 

0. AKINLADE' 

International Centre for Theoretical Physics, Trieste, Italy 

(Received 3 July 1994) 

The quasilattice approximation (QLA) has been applied to study the alloying behaviour of Na-Ga and 
Na-Sn molten alloys by assuming the formation of complexes of the form Na,Ga, and Na,Sn,. This has 
been used to obtain the concentration dependence of the free energy of mixing, the long wavelength limit 
of the concentration-concentration fluctuations and the ordering parameter a,. 

Our calculations yield for both alloys, qualitative agreement with experiment about the concentrations 
at which phase separation or compound formation occurs in the alloy. In the case of Na-Ga, however, 
because of the relatively large asymmetry in the concentration dependence of its free energy of mixing and 
possibly the nature of the complex chosen, the calculated results when compared with experiment are not 
as good as that for Na-Sn. 

For Na-Ga, we have also calculated the higher order conditional probabilities using the four atom 
cluster model (FACM) this has made it possible to calculate another value for ul .  A comparison of the 
two values of a, computed, enables us to obtain better insight to the limit of applicability of each of the 
models. 

KEY WORDS Activity, chemical complexes, concentration fluctuations, ordering, 

1 INTRODUCTION 

The study of thermodynamic quantities and by extension ordering phenomena has 
engaged the attention of physicists for the past few years. These investigations were 
initially mainly from the point of view of experiment' and theoretical formula- 
tions/models2- s. In recent times, computer simulations6 have further helped to gain 
more insight into the problem. 

For binary alloys, severe limitations in explaining results usually come up in 
situations were there is formation of complexes and ideally one has to seek recourse 
to computationally more demanding methods like the Car-Parrinello' type of simu- 
lations. The present paper is an attempt to explain ordering phenomena in Na-Ga 
and Na-Sn alloys using the Bhatia-HargroveZ model put in a more tractable form 
by Singh3. The model has been used to a large extent8-'' in explaining the thermo- 
dynamic properties of molten alloys with considerable success. 

+ Permanent address: Department of Physics, University of Agriculture, Abeokuta, Nigeria. 
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10 0. AKINLADE 

The distinct idea of the model is that one can understand some essential ther- 
modynamic properties of binary molten alloys using information obtainable about 
the long wavelength limit of the concentration-concentration structure factor S,,(O) 
and conditional probabilities calculated therefrom. Na-Ga and Na-Sn alloys 
exhibit some features which make them interesting from a theoretical viewpoint. 
Their pecularities are as follows; 

For Na-Ga, as far as one is aware, the study of most of its electronic properties 
are not very extensive in the literature. EMF measurements have been made, how- 
ever12, and they indicate that this alloy system behaves anomalously, its entropy of 
mixing is negative over a considerable part of its concentration range and its free 
energy of mixing G,/RT is asymmetric with a minimum at C,, = 0.385 correspond- 
ing to the most stable solid compound Na,Ga,. The activities of sodium and 
gallium a,, and aGa have also been measured and are reported in the paper. 

Furthermore, the experimentaily determined S,,(O) vs. concentration curve for 
Na-Ga molten alloys shows a strong tendency for phase separation over most of its 
concentration range. Because of the above mentioned points, it seems clear that the 
application of an empirical, well tested method to its thermodynamics would be 
worthwhile. 

In the case of Na-Sn on the other hand, experimental measurements abound in 
the literature on a lot of its electronic properties like therm~power'~, Knight shift14, 
magnetic susceptibility' ', stability function16, resistivity2' and ab-initio molecular 
dynamic simulations' of its structure. 

All these experiments however indicate an important face which is that there is still 
a lot of controversy about the most prominent complex to describe the alloy though 
Na4Sn,13 appears to be the most stable form at temperatures above the liquidus. 

We have applied the quasilattice approximation QLA to obtain interaction 
parameters, chosen to reproduce experimental G,/RT values and have computed 
its concentration dependence for Na-Ga and Na-Sn alloys. The interaction 
parameters have further been used to compute S,,(O) and the Warren-Cowley short- 
range order parameter a1 for the alloys. 

a1 can also be obtained from a knowledge of conditional pr~babilities~', '~. Here 
what one does is to enumerate the occupation of neighbouring sites by the atoms of 
the constituents in the compound-forming liquid alloy. A two atom cluster model 
(TACM) consisting of atoms interacting via pairwise interaction was first used by 
Singh and Mishra" to obtain the excess free energy of mixing, concentration fluctu- 
ations and the chemical short-range order parameters for some liquid metals. 

More recently Singh17 has extended the above idea to the four atom cluster 
model (FACM) with a view to obtaining higher order conditional probabilities 
encompassing atomic distributions in nearest neighbour shells. The FACM unlike 
the QLA depends on only one parameter o (the order energy) which has also been 
used for calculating surface properties2'. 

Calculation of a1 using the FACM requires a knowledge of the activity ratio 
ae /aA where A and B are the individual components of the alloy AB. Since the 
values are available for Na-Ga alloys'2, we have computed tll for it and compared 
the result from FACM with that of QLA in an attempt to assess the limit of 
applicability of each model. 
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ORDERING IN MOLTEN ALLOYS 11 

The present paper thus has the following layout. In Section 2, we summarise the 
essential equations required for the application of the QLA and the FACM; in 
Section 3.1 we discuss our results of the QLA as applied to Na-Ga and Na-Sn by 
assuming the existence of the complexes Na,Ga, and Na,Sn3 respectively. In Sec- 
tion 3.2 we make a comparison of results for FACM and QLA as applied to Na-Ga 
molten alloys. In the final section we make some conciuding remarks. 

2 THE MODELS AND THEIR FORMULATION 

In the present section, we shall give summaries of essential parts of each model 
sufficient to perform the calculations. For more details, one can obtain information 
on the quasilattice/Bhatia-Hargrove approximations from Ref. - while a more 
detailed discussion of the FACM is given in Ref.”. 

2.1 The Quasilattice Approximation (QLA) 

This quasilattice approximation starts by assuming that the properties of an A-B 
alloy can be treated theoretically if one considers it to be a pseudoternary mixture of 
A atoms, B atoms and A,B, complexes, p and v being relatively small numbers all in 
chemical equilibrium with one another and with the atoms located on lattice sites. 
One can then assume that in general, the binary alloy contains in all N atoms, of 
which N c  are A atoms and N(l  - c )  are B atoms. On the assumption of chemical 
complexes A B ,  the binary alloy can be assumed to consist of n ,  individual A 
atoms, n2 individual B atoms and n3 complexes. From the conservation of atoms, 
one has 

p. Y 

n ,  = N c  - p3, n2 = N(1- c) - vn3 (1) 

and n = n,  + n2 + n3 = N - (p + v - l)n3. The Gibbs free energy of mixing of the 
binary alloy can be expressed as 

+ C 1 ninjVij/N 
i < j  

In Eq. (2), the first term -n3g represents the lowering of the free energy of mixing 
due to the formation of complexes A,B,, with g representing the free energy of 
formation of the complex. The Vi;s(i, j = 1,2,3) are average interaction energies and 
by definition independent of concentration, although they may depend on tempera- 
ture and pressure. 
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12 0. AKINLADE 

The equilibrium values of n3 at a given temperature and pressure is obtained from 
the condition 

(5) =o. 
T.P.N.c 

(3) 

From Eqs. (2) and (3), the equilibrium value of n3 is given by the equation 

3 (4) - ( p + ~ - l ) ~ ( Y - - g / R T ) ~ p + v - l  n:n; = ( p  + v)n3e 

where 

Within the model, the concentration-concentration fluctuations in the long wave- 
length limit S,,(O), by definition, is given by the expression 

this can be expressed for this approximation as3 

r 3  1- 1 

S,,(O) = 1 (n;)’/n,  + 2 / R T I  1 n:n>Vi 1- i =  1 i c j  
(7) 

where nl in Eq. (7) refers to the derivative of ni with respect to c. 
A measure of the tendency to compound formation or phase separation in a 

molten alloy is given by the Warren-Cowley short-range order parameter ( ~ 1 ~ ) ~ ~ ’ ~ ~ .  

This is an important indicator of the degree of ordering in a binary alloy. For 
nearest neighbour sites x1 can be defined as: 

P A B  tll = 1-- 
(1 - c)’ 

where PAB is the conditional probability of finding a B atom nearest to a given A 
atom. It can easily be shown that the limiting values of sll lie in the range. 

- c  1 
- b q b l  c b -  
1 - c  2 

- (1  - c )  1 
<srldl c 2 -  

c 2 

(9) 

For equiatomic composition (c = 1/2), one has - 1 < srl b 1. The minimum possible 
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ORDERING IN MOLTEN ALLOYS 13 

value of a, i.e. a F n  = - 1 represents the complete ordering of pairs of nearest neigh- 
bour atoms in the A-B configuration whereas a y  = + 1 suggests segregation lead- 
ing to the formation of A-A pairs or B-B pairs in the alloy. a, = 0 corresponds to a 
random distribution. A more convenient expression for a1 from a computational 
point of view is the relationship derived from Eq. (8) and used previously’. It is given 
by 

where 

2 being the coordination number of the alloy. These are the essential equations for 
this model. 

2.2 

The model is a little different from the QLA in that it does not assume the formation 
of complexes. It simply assumes that one has N atoms of which N ,  = (NC,) are A 
atoms and N ,  = (NC,) are B atoms. It is then possible to express the grand partition 
function E of the alloy as 

The Four Atom Cluster Model ( F A C M )  

where 4i(T) are the partition functions of atoms i ( A  or B) associated with inner and 
vibrational degrees of freedom, p A  and p, are the chemical potentials and E is the 
configurational energy. Equation (13) can be solved by resorting to some simplifying 
assumptions one can define parameters Pi j  and qj (the bond energies 
for i j  nearest neighbour bonds) such that 

P.. IJ = ,-@elJ, i j  = A, B (14) 

Further  simplification^'^ lead to an expression of the form 

dZ - B1a9 - B,o6 - B3a3 - B,  = 0 (15) 

= ddpAA/p, , )”2 (16) 

where 

(1 - 3x) 
B ,  =- r3 

3 ~ ( 1  - X) 
B, = 

‘1, 
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14 0. AKINLADE 

3x2(1 - ~ / 3 )  
B ,  = 

v 3  
B ,  = x3 (20) 

x=- and q=exp 
C 

$I being a constant which has to be eliminated from the final result. o = Z [ E ~ ~  - 
( E ~ ~ + E ~ ~ ) / ~ ] ,  is called the interchange or order energy for the alloy. With the 
activity ratio as earlier defined i.e. a = a,/a,, one can obtain an expression” which 
connects a to a. It is given by 

where fl(a, a) and f2(a,  6) are defined as 

fl(a, a) = a4u4zL + 3a3a3ZL/q3 + 3a2rs2ZL/q4 + aoZL/q3 (23) 

and 

f2 (a ,  a) = a3a3zL/q3 + 3a2a2ZL/q4 + 3aaZL/q3 + 1 (24) 

where Z L = Z  - 3. Equation (22) can thus be solved to determine the activity ratio 
for a binary alloy using the value of a obtained from the numerical solution of 
Eq. (1 5). 

Even in the framework of this model, the probability of finding an A atom or €3 
atom on any lattice site still depends on the nature of atoms already present on the 
neighbouring sites. We define (A ,  A, A, A )  as the probability that all four lattices sites 
of the cluster are occupied by atoms A and similarly others. Some other probabili- 
ties (i, j ,  k ,  1)  say, can further be reduced” to higher-order conditional probabilities 
(HOCP) (i/iji) (the probability of finding i atom on a given lattice site while the 
other three sites in the cluster are occupied by i, j and i atoms) and similarly others. 
With this in mind, one can express the probability PAB as, 

In terms of HOCP one can write17 
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ORDERING IN MOLTEN ALLOYS 15 

and it is possible to write (BIABB) = 1 - (A/ABB). These equations are only useful 
to us, if we are able to express them in terms of a and (T. These derivations can also 
be found in17.'8 and one ends up with the results 

and 

Equation (25) can thus be solved from knowledge of a and (T obtained from 
Eqs. (22-24) and the solutions substituted in Eq. (8) to obtain a, from the FACM. 

The essential equations for each model have thus been given and can now be used 
for our calculations. 

3 RESULTS AND DISCUSSION 

3.1 Results from QLA 

In applying the QLA, the first step is to determine the interaction parameters g 
and the Vij's. The values of p and v for each alloy are those for the most stable 
complexes observed experimentally. One proceeds by solving Eq. (4) for n3 and 
then fits the interaction parameters using Eq.(2) such that they reproduce to a 
considerable extent the experimentally measured free energy of mixing. The values 
obtained for the interaction parameters in the case of Na-Ga and Na-Sn are 
given in Table 1. 

Plots of calculated and experimental values of the free energy of mixing as well as 
n1,n2 and n3 are given in Figures 1 and 2 for Na-Ga and Na-Sn alloys. From a 
perusal of the graphs, one observes that our calculated G,/RT with the interaction 
parameters gives qualitatively good results for Na-Ga while the results for Na-Sn 
are in excellent agreement with experiment. Experimental G,/RT values for Na-Ga 
are taken from Reference [12] for the concentration range 0 < C,, < 0.8, while that 
of Na-Sn is from Reference [16] and covers the whole range. The fitted value of 
g /RT is very high for Na-Sn compared to that of Na-Ga, the high value indicating 

Table 1 Values of p, v and the interaction parameters for Na-Ga and Na-Sn molten alloys. 

Na-Ga 843 5 8 2.00 1.42 - 10.00 - 2.00 
Na-Sn 673 4 3 22.75 - 5.95 0.5 - 0.15 
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20.6 
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d 
$0.4 
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-0.2 
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L1: 

h0.4 
c3 

-0.6 

t \ i 

i 

0 0.2 0.4 0.6 0.8 1 

CNa 

Figure 1 
experimental (solid dots) and calculated (solid lines) free energy of mixing G,/RT. 

Concentration dependences of n , , n l  and n3 for Na-Ga molten alloys at 843 K and also the 

pronounced tendency for components of the alloy to form complexes. This is indeed 
the case and later discussions illustrate this point. 

From the point of view of ordering however, the first parameter to study is Scc(0). 
This parameter is usually understood in terms of deviations from its ideal 
value given by S:: = c(1 - c). ScC(O) is a response function and stability requires it to 
be positive. A strong response to a concentration-concentration stimulus shows 
that the system is near phase separation while a weak one indicates compound 
formation. Put in another form we can write. 

(31) 
< Sif(0) Heterocoordination(CF) 
> Si:(O) Homocoordination(PS). S C C ( 0 )  = 

For the two alloys being investigated, plots of S,(O) as a function of concentration 
are given and it is thus easy to make comparison with those values computed using 
Eq. (7). The plots are shown in Figures 3 and 4. From the graphs, one observes that 
qualitative agreement is obtained as compared to experiments with the positions of 
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ORDERING IN MOLTEN ALLOYS 17 

1 

0.8 

d 0.6 
N 

4 
0.4 

0.2 t 

0 0.2 0.4 0.6 0.8 1 

CNa 

Figure 2 Same as in Figure 1 but for Na-Sn at 673 K. 

compound formation (CF) and phase separation (PS) in the two alloys although the 
results for Na-Sn are again much better than those for Na-Ga. In fact, except for 
the heights of our calculated peaks being higher than the experimental values and a 
slight phase shift, our calculations for Na-Sn could be said to be in excellent 
agreement with experiment. 

For Na-Ga, even the experimental SJO) have a peculiar behaviour. It is com- 
pound forming in the ranges 0 6 C,, 6 0.475 and C,, 2- 0.8 in between these concen- 
tration ranges, it phase separates and shows a strong inclination for demixing. The 
poor agreement of computed results with experiments may signify a need to use 
some other model for this kind of alloy. The more recent models of Singh et uZ.24.25 
which they applied to demixing molten alloys could most probably give better 
quantitative agreement with experiment. 

A better insight into the nature of ordering in molten alloys can be obtained by 
calculating the Warren-Cowley short-range order parameter al. In Figure 5 we give 
a graphical illustration of our results for the two alloys, essentially al (negative) 
implies CF while positive values of a1 shows a tendency for PS. The plot indicates 
that Na-Sn is expectedly compound forming throughout the whole concentration 
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18 0. AKINLADE 

Na-Ga 

a 
a 

0 0.2 0.4 
c, 

Figure 3 Experimental (solid dots) and calculated SJO) for Na-Ga alloys, also the ideal values (dashes). 

range and the ability of the complex chosen to illustrate experimental results is a 
probable indication of its correctness. 

For Na-Ga however, the result is again fairly complicated, it shows an equal 
likelihood of homocoordination and heterocoordination. This is at variance with 
available experimental results and once again signifies a need for an improved 
model. The graph however interestingly indicates the formation of a complex very 
close to Na, Ga,, the one chosen. 

In concluding this section, one can say that the QLA is able to explain all the 
essential concentration dependence of compound formation observed in Na-Sn. 
The model fails for Na-Ga and for this reason among other considerations, one has 
endeavoured to use a FACM in an attempt to obtain better agreement with experi- 
ment regarding a, and also to make a comparison of the two models. 

3.2 Results for Na-Ga from FACM 

Table 2 shows results for Na-Ga obtained from FACM with 2 = 10 (as assumed in 
QLA), the optimised value of o = + 0.0095eV. A positive value of ctl as indicated 
from FACM indicates that Na-Ga is a self-coordinated system, i.e. like atoms tend 
to pair as nearest neighbours. 
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ORDERING IN MOLTEN ALLOYS 19 

0.25 

0.2 

0.15 

0 0.2 0.4 0.6 0.8 1 

CN, 

Figure 4 Same as in Figure 3 but for Na-Sn. 

From the table it can be observed that the model always gives a1 that is symmet- 
ric about the equiatomic composition. Though the model is easier from a numerical 
point of view (since it depends on only one parameter), the above mentioned point 
implies that it will have a problem in explaining results for alloys like Na-Ga where 
the activity shows a significant departure from Raoult’s law. Our calculations 
(not shown here) indicate that the model works very well for In-Ga molten alloys26, 
for which the departure of the experimental activity ratio from Raoult’s law is 
minimal. 

The model though gives an indication of weak phase separation throughout 
the concentration range. It does, however, have the failing that it cannot describe 
both compound formation and demixing tendencies experimentally observed for 
the alloys. Part of the peculiarity of the S,,(O) it predicts may be ascribed to the 
size effect QNa/QGa z 2; the deviation could also be due to Ga since Na is a simple 
well behaved metal which has been extensively studied using pseudopotential 
theory. 

Singh and S ~ m m e r ~ ~  have recently proposed a simple model to explain the 
behaviour of demixing liquid alloys where the existence of polyatomic self associates 
(cluster like atoms are considered). It would be of interest to apply such concepts to 
Na-Ga. 
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20 0. AKINLADE 

0 0.2 0.4 0.6 0.8 1 

CN, 

Figure 5 Ordering Parameter r ,  for Na-Ga and Na-Sn as calculated from the QLA. 

Table 2 Computed and observed activity ratio a = aGa/aNa for 
Na-Ga molten alloys, also a ,  from QLA and FACM. 

0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 

14.667 
4.167 
1.400 
0.636 
0.375 
0.313 
0.286 
0.286 
0.278 

aFACM 

8.108 
3.699 
2.2 15 
1.462 
1 .OOo 
0.684 
0.452 
0.270 
0.123 

=FACM 
I 

0.0024 
0.0042 
0.0056 
0.0064 
0.0066 
0.0064 
0.0056 
0.0042 
0.0024 

0.032 
0.008 

- 0.087 
- 0.090 
-0.111 
-0.019 

0.053 
0.048 
0.026 

4 CONCLUSION 

The quasilattice approximation has been applied to study the alloying behaviour of 
Na-Ga and Na-Sn alloys by fitting their free energies using complexes which are 
expected to be the most stable for each alloy. The fitted parameters have further 
been used to study ordering phenomena in the molten alloys. 
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ORDERING IN MOLTEN ALLOYS 21 

Good agreement is obtained for the concentration dependence of the thermo- 
dynamic properties of Na-Sn within QLA; for Na-Ga the agreement could at best 
be said to be semi-quantitative. With a view to obtaining improvements in the 
results for Na-Ga, we have applied the FACM model to calculate its activity ratio 
and from there have investigated ordering using a,. Though the FACM does better 
(in that it indicates weak homocoordination throughout the whole concentration 
range), the results are however still somewhat at variance with experiments where 
partial heterocoordination is observed. It follows therefore that the model still has 
some shortcomings when applied to Na-Ga. Our calculations further indicate that 
the FACM always gives results for cx, that are symmetrical about the equiatomic 
composition. 

We conclude by saying that calculations for Na-Ga signify the need to proceed to 
more sophisticated models suitable for demixing binary alloys and possibly the 
recent work of Singh & SommerZ4 may be useful in this respect. 

Acknowledgement 

The author wishes to thank the International Atomic Energy Agency and UNESCO for grants allowing 
his participation at the 1994 Condensed matter workshop at Trieste where this work was completed. 

References 

1. R. Hultgren, P. Desai, D. T. Hawkins, M. Gleiser and K. K. Kelly, Selected Values of the Thermo- 

2. A. B. Bhatia and W. H. Hargrove, Phys. Rev., B10, 3186 (1974). 
3. R. N. Singh, Can. J .  Phys., 65, 309 (1987). 
4. I. H. Umar, A. Meyer, M. Watabe and W. H. Young, J .  Phys., F4, 1691 (1974). 
5. S. K. Lai, M. Matsuura and S. Wang, J .  Phys., F13, 2033 (1983). 
6. R. Car and M. Parinello, Simple Molecular Systems at High Density (NATO Advanced Study Insti- 

7. G. Seifert, G. Pastore and R. Car, J .  Phys: Cond. Matter, 4, L 179 (1992). 
8. R. N. Singh, I. S. Jha and D. K. Pandy, J .  Phys: Cond. Matter, 3, 2469 (1993). 
9. 0. Akinlade Physica, B183, 403 (1993). 

10. L. S. Attri, P. K. Ahluwalia and K. C. Sharma, Phys. Chem. Liq., 26, 225 (1994). 
11. 0. Akinlade, J .  Phys: Cond. Matter, 6, To Appear. 
12. S. Tamaki and N. E. Cusack, J .  Phys., F9, 403 (1979). 
13. J. A. Meijer and W. van der Lugt, J .  Phys: Cond. Matter, 3, 5657 (1991). 
14. C. van der Marel, P. C. Stein and W. van der Lugt, Phys. Lett., 95A, 451 (1983). 
15. S. Takeda, S. Matsunaga and S. Tamaki, J .  Phys. SOC. (Jpn),  53-54, 1448 (1984). 
16. S. Tamaki, T. Ishiguro and S. Takeda, J .  Phys., F12, 1613 (1982). 
17. R. N. Singh, Phys. Chem. Liq., 25, 251 (1993). 
18. A. Cartier and J. Barriol, Physica B & C ,  81B, 35 (1976). 
19. R. N. Singh and I. K. Mishura, Phys. Chem. Liq., 18, 303 (1988). 
20. L. C. Prasad and R. N. Singh, Phys. Rev., B44, 13768 (1991). 
21. C. van der Marel, A. B. van Oosten, W. Geertsma and W. van der Lugt, J .  Phys., Fl2, 2349 (1982). 
22. B. E. Warren, X-Ray Diflrraction (Reading: Mass) (1969). 
23. J. M. Cowley, Phys Rev., 77, 669 (1950). 
24. R. N. Singh and F. Sommer, Z .  Metallkd., 83, 553 (1992). 
25. R. N. Singh, S. K. Yu and F. Sommer, J. Non Xtl  Sol, 156-158,407 (1993). 
26. S. S. Stranges, V. Piacente and D. Ferro, J .  Muter. Sci. Lett., 8, 318 (1989). 

dynamic Properties of Binary Alloys (American Society for Metals, Metal Park, OH) (1973). 

tute Series) B186, p. 455 (1988). 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
8
:
1
8
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1


